On the basis of the expression for the density matrix of interacting Bose particles in the coordinate representation with regard for the direct three-and four-particle correlations [I.O. Vakarchuk and O.I. Hryhorchak, J. Phys. Stud. 3, 3005 (2009)], the two-, three-, and four-particle structure factors of liquid 4 He in a wide temperature interval were calculated in the approximation "one sum over the wave vector". In the low-temperature limit, the expression obtained for the two-particle structure factor transforms into the well-known one. In the high-temperature limit, the expressions for the two-, three-, and four-particle structure factors are reduced to those for the ideal Bose gas. The results obtained can be applied to calculations of the thermodynamic functions of liquid 4 He and to the determination of the temperature dependence of the first-sound velocity in a many-boson system. K e y w o r d s: liquid 4 He, structure factor.
Introduction
The researches of structure functions play an important role in studying the Bose and Fermi systems, because the results obtained theoretically can be compared directly with experimental data. The central role in the structural researches of those systems belongs to the total scattering cross-section, which is called the dynamic structure factor. This parameter makes it possible to determine both the spatial structure of the substance and the structure of its energy spectrum [1, 2] . With its help, as well as with the help of its derivatives, a lot of different systems are studied today, e.g., the Bose gas in a trap [3] , liquid 4 He [4] and 3 He [5] in two dimensions, solid 3 He [6] , thin films [7] , Lennard-Jones rarefied gas [8] , superfluid helium [9] , parahydrogen [10] , models with turbulence [11] , and so forth.
Besides the dynamic structure factor, not less important is its zeroth moment or the static structure factor, which has been measured a lot of times in a wide temperature interval. The researches were carried out at the saturated vapor pressure within the neutron [12] and X-ray [13] diffraction methods. Experimental works on the structure factor measurement were analyzed, e.g., in work [14] , where cor- rections were also proposed in order to coordinate results of various authors. The Monte-Carlo method was applied to study the region around the structure factor peak in a Bose condensate, and the peak was shown to locate higher than the theoretical value obtained in the framework of the low-density approximation [15] . The contribution of three-particle correlations to the structure factor of liquid 4 He was found in work [16] , and a procedure of calculation of the effective pair potential on the basis of experimental data obtained for the structure factor and with the help of the Monte-Carlo simulation scheme was proposed in work [17] . Among structure functions, we also mention the pair correlation function, which is one of the key quantities characterizing the coherent properties of a Bose condensate [18] .
In this work, we aimed at finding not only the pair structure factor, but also expressions for the threeand four-particle structure factors in the approximation "one sum over the wave vector". This result should help us, in turn, to simplify calculations of the thermodynamic functions of a Bose system in the approximation "two sums over the wave vector" and to facilitate the solution of the still unsolved task to describe such a system as liquid 4 He in a wide temperature interval and, especially, in a vicinity of the λ-transition.
The structural properties of liquid 4 He at low temperatures have been discussed for a long time in the framework of the collective variable approach [19] [20] [21] [22] [23] . However, a theoretical calculation of the pair structure factor in a wide temperature interval has been carried out only recently in work [24] , by taking advantage of the averaging with the density matrix of interacting Bose particles. Later on, the structure functions in a wide temperature interval were also described in other works [25] . However, the authors of the cited works calculated the average values in the framework of the density matrix approach and in the pair correlation approximation, so that the pair structure factor was obtained in the same approximation. The agreement with experimental data for the pair structure factor [12, 13, 26] is good in this case, but incomplete, because, as is known, the contribution of many-particle correlations to the observed quantities of a many-boson system can turn out rather substantial [22, 27, 28] .
In works [25] , the irreducible two-, three-, and fourparticle structure factors, as well as the pair distribution function, were calculated in a wide temperature interval making allowance for only the indirect threeand four-particle correlations. The obtained theoretical results can be improved by taking direct correlations into account as well. However, in this case, the indicated quantities have to be calculated with the density matrix containing not only the pair, but also three-and four-particle direct correlations. This task is a purpose of this work. In our calculations, we will base on the approaches proposed in our earlier works [29, 30] and the results obtained there; in particular, these are the expressions for the density matrix and the partition function for a many-boson system in a wide temperature interval and the methods of their calculation in the approximation "two sums over the wave vector".
An important feature of this work is a graphic presentation of the results obtained. As a rule, numerical calculations are carried out for this purpose. The input data at such calculations include experimental results for the structure factor extrapolated to the absolute zero temperature. The general scheme of speculations on this topic and the corresponding results can be found in work [31] . Continuing the issue of numerical calculations, it is worth paying attention to work [32] , where the interatomic interaction potentials were restored on the basis of experimental data (as was done in work [31] ), and the thermodynamic and structural properties of 4 He were studied. The numerical calculation of the pair structure factor was carried out taking the effective mass into account. The expression for the latter was given in work [33] . A necessity of its introduction was substantiated in work [25] .
The expression obtained for the two-particle structure factor transforms into an already found one for the low-temperature limit [21] . In the hightemperature limit, the expression for the two-, three-, and four-particle structure factors are reduced to the corresponding structure factors of the ideal Bose gas. The two-particle structure factor obtained in the approximation "one sum over the wave vector" also opens a way to finding the temperature dependence of the first-sound velocity in liquid 4 He and to comparing it with experimental data.
n-Particle Structure Factors for a Many-Boson System
According to the definition, the n-particle structure factor equals
where N is the number of particles,
e −iqr j are collective variables, and the notation ... means the averaging with the density matrix of interacting Bose particles. In the calculations to follow, the density matrix in the approximation "two sums over the wave vector" with the factorized density matrix of the ideal Bose gas will be used. This approximation involves the direct threeand four-particle correlations, and the matrix itself looks like
where R 0 N (r|r ′ ) is the density matrix for noninteracting Bose particles, P pr (ρ|ρ ′ ) a factor taking into account pair correlations, and P (ρ|ρ ′ ) a factor taking the direct three-and four-particle correlations into account. In particular,
where the summation over Q means the summation over all permutations of particle coordinates. The factor which makes allowance for pair correlations looks like [34] 
where
is the Fourier coefficient of the pair interaction energy between particles, and β = 1/T is the inverse temperature. An expression for P (ρ|ρ ′ ) was presented in work [29] . Its simplified version can be found in Appendix 1. As a result, we obtain
Explicit expressions for the quantities C 0 , C 2 (q 1 ),
, and C 4 (q 1 , q 2 ) are given in Appendix 2. They can be obtained using the data quoted in Appendix 1.
Pair Structure Factor
In the case of pair structure factor (n = 2), expression (1) can be rewritten in the form of a derivative with respect to the parameter λ q :
In the adopted approximation "two sums over the wave vector" this expression can be written as follows:
The expression for the first term was given in works [25] . The average P (ρ|ρ) looks like
.
It can be obtained on the basis of work [30] as follows: 
Therefore, using the explicit form for P (ρ|ρ) and the results of works [25] , we obtain
Supposing the terms with a single sum to be small in comparison with the quantity corresponding to the pair correlation approximation, the two-particle structure factor can be written in the form
is the contribution of indirect three-and four-particle correlations, and
is the contribution of direct three-and four-particle correlations.
Expression (1) for the three-particle structure factor can be presented in the form
A direct calculation on the basis of the previous formula gives the following result:
The irreducible four-particle structure factor takes the form
The average ρ q1 ρ −q1 was found earlier, and we have to calculate ρ q1 ρ −q1 ρ q2 ρ −q2 . Again, on the basis of formula (1), it can be shown that
, where
Then,
The first term in the expression above was also found earlier [25] . The second one is easy to calculate taking the explicit expression for P (ρ|ρ) into account. As a result, we obtain
4. Two-, Three-, and Four-Particle Structure Factors in the Low-Temperature Limit
In the low-temperature limit, the pair and threeparticle structure factors equal unity, and the irreducible four-particle one equals zero. Their derivatives with respect to the inverse temperature vanish in this limit. One may verify it directly by analyzing the corresponding expressions.
A straightforward verification also demonstrates that
where the quantities a 2 (q 1 ), a 3 (q 1 , q 2 , q 3 ), and a 4 (q 1 , −q 1 , q 2 , −q 2 ) are the known expressions [19] and look like
Taking the aforesaid into account, we obtain the following expression for the pair structure factor in the low-temperature limit:
where a 4 (q 1 , k 2 ) is an abbreviated notation for the quantity a 4 (q 1 , −q 1 , k 2 , −k 2 ). In the adopted approximation "two sums over the wave vector" the structure factor can be written in the form similar to that in work [21] ,
Analogously, we obtain the following expressions for the three-and four-particle structure factors in the low-temperature limit:
Two-, Three-, and Four-Particle Structure Factors in the High-Temperature Limit
Using the explicit expressions for the quantities q 2 ) , and C 0 4 (q 1 , q 2 ) (see Appendix 2), we can easily obtain that, in the high-temperature limit (T → ∞ or β → 0),
Therefore, in the high-temperature limit, the two-, three-, and four-particle structure factors for a manyboson system transform into the corresponding expressions for the ideal Bose gas:
Numerical Calculations
The numerical calculation of the two-particle structure factor (2) will be carried out taking the effective mass into account [33] . In order to not exceed the calculation accuracy, the effective mass will be used only in the terms that reproduce the pair correlation approximation. At the same time, the expressions containing the sum over the wave vector will contain a "bare" mass. Here, the following remark is worth making: in the structure factors of the ideal Bose gas which enter the expressions with a sum over the wave vector, the effective mass is used only to shift the critical point owing to the activity renormalization z 0 = exp [βµ] , where µ is the chemical potential. The introduction of effective mass makes it possible to avoid infra-red divergences in the non-renormalized four-particle structure factor of the ideal Bose gas.
To calculate the quantities with a single sum over the wave vector, we should change from summation to integration according to the well-known rule [35] 
After the corresponding transformations and the required changes in variables, we obtain the following rule for the change from summation to integration in our case: where ρ is the equilibrium density in the Bose system. For such quantum liquid as 4 He, the latter parameter equals ρ = 0.02185Å −3 [36] . The next step consists in calculating the quantities α q with the use of a pair structure factor at the zero temperature extrapolated on the basis of experimental data. The corresponding information is taken from work [31] . Now, let us rewrite Eq. (3) in the form
This is an iterative equation for α q . In the zero-order approximation, we have α q = 1/S exp (q). Substituting this α q -value into the right-hand side of equality (4), we obtain the α q -value in the first approximation, and so forth. However, this iteration process does not converge, which is most likely connected with an insufficient number of terms in the series expansion for the structure factor (3). Therefore, the consideration will be confined only to the zero-order approximation for α q .
The results of numerical calculations for temperatures of 1.0, 1.38, 1.67, 2.2, 2.5, 3.0, 3.5, and 4.24 K are exhibited in Figs. 1 to 8 , respectively. Experimental data for the structure factor at those temperatures were taken from works [12, 13] . In the presented figures, the solid curves correspond to the structure factor calculated with regard for the direct three-and four-particle correlations, the dashed curves to the pair correlation approximation, and the circles to the experimental structure factor values.
Conclusions
In this work, expressions for the two-, three-, and four-particle structure factors in a wide temperature interval were found in the approximation "one sum over the wave vector" with regard for the direct threeand four-particle correlations. In the low-temperature limit, the expression obtained for the two-particle structure factor transforms into the well-known one [21] . The same is valid for the high-temperature limit. The derived expressions are rather cumbersome. They were analyzed, by using numerical methods, and graphic representations of the pair structure factor at various temperatures of liquid 4 He were plotted. The calculation of the internal energy and the determination of the temperature dependence of the first-sound velocity in the many-boson system will be a subject of our next papers.
The superscripts i 1 , i 2 , i 3 , j 1 , and j 2 at the quantities ρq can acquire values of 0 or 1, namely, 0 means the absence of the prime, and 1 its presence. The notation
, and
). Accordingly,
Here, the quantities c 0 0 , c 0 2 , c 0 3 , and c 0 4 mean c 0 , c 2 , c 3 , and c 4 , respectively, in which αq 1 = αq 2 = αq 3 = 1. The quantity
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In the expressions written above, the following notations were introduced:
Eq 1 = ± 1 Eq 1 ;Ẽq 2 = ± 2 Eq 1 ; The notations C 0 2 (q 1 ), C 0 3 (q 1 , q 2 , q 3 ), and C 0 4 (q 1 , q 2 ) mean the quantities C 2 (q 1 ), C 3 (q 1 , q 2 , q 3 ), and C 4 (q 1 , q 2 ), respectively, in which the Bogolyubov factor is equal to unity: αq 1 = αq 2 = αq 3 = 1. The quantities C 2 (q 1 ), C 3 (q 1 , q 2 , q 3 ), and C 4 (q 1 , q 2 ) themselves look like 
